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Abstract—Hopfield networks are an attractive choice for solv-
ing many types of computational problems because they provide
a biologically plausible mechanism. The Self-Optimization (SO)
model adds to the Hopfield network (HN) by using a biologically
founded Hebbian learning rule, in combination with repeated
network resets to arbitrary initial states, for optimizing its
own behavior towards some desirable goal state encoded in
the network. However, the solutions to the abstract problems
used in the literature offer little insight into how HN arrive
at solutions or partial solutions. In order to better understand
that process, we demonstrate first that the SO model can solve
concrete combinatorial satisfiability problems: The Liars problem
and the map coloring problem. Based on these solutions, we
discuss how under certain conditions critical information might
get lost forever with the learned network producing seemingly
optimal solutions that are in fact inappropriate for the problem
it was tasked to solve. What appears to be an undesirable side-
effect of the SO model, can provide insight into its process for
solving intractable problems.

Index Terms—self-optimization, Hopfield neural network, Heb-
bian learning, SAT problems, Liars problem, map coloring
problem

I. INTRODUCTION

The combination of domain knowledge and centralized

control is an effective solution to a broad class of optimization

problems. However, in the case of complex adaptive systems,

the system’s control tends to be distributed and it is often

unclear what the most appropriate trajectory is and even the

form of the optimal solution may simply be unknown. This is

the case for many kinds of biological systems, but also social

systems, that tend to be capable of giving rise to creative

solutions even under novel circumstances. Such a complex

adaptive system cannot necessarily rely on the availability of

explicit extrinsic reward signals to improve its behavior, which

raises the intriguing question of what other, more minimal

mechanisms could be available.

A particularly interesting model of a distributed complex

adaptive system is the Self-Optimization (SO) model. It is a

simple model comprised of a Hopfield network (HN) [1] and

Hebbian learning [2], two biologically founded [3] and well

established mechanisms. Already in 1985 Hopfield and Tank

showed that if an optimization problem is formulated in terms

of desired optima subject to constraints (i.e. the connections

of the network correspond to the constraints of the problem),

the natural dynamics of the system is to converge to a stable

state that will correspond to a locally optimal solution to that

problem with the least violated constraints [4]. Intriguingly,

in the SO model, under certain conditions, the combination

of Hebbian learning with the dynamics of the HN allows the

system to form an associative memory of its own behaviour

and change its own dynamics to enhance its ability to find

configurations that minimize the constraints between system’s

variables (nodes of the network), and “find solutions that are

better than any solutions found before the application of such

learning (i.e. true optimisation)” [5, emphasis added].

Closely related to the field of engineering are propositional

satisfiability (SAT) problems. The goal in a SAT problem is

to determine whether a given logical formula can be made

true (i.e. satisfiable) by assigning appropriate truth values to

its variables. Many important real-world problems in differ-

ent scientific fields can be naturally expressed as Max-k-

SAT (maximum satisfiability problems with a maximum of

k literals per clause) [6]: routing and scheduling problems in

industrial engineering, software and hardware debugging in

computer science and computer engineering, different prob-

lems of bioinformatics in biological sciences, to name a few.

It was previously mentioned [7] that the initial weights

of the HN in the SO model represent a weighted-Max-2-

SAT problem, but it was never actually shown how one

would start from a concrete SAT problem and use the SO

model to solve it. Prior investigations into Hebbian learning

in neural networks focused on abstract problems, providing

a foundational understanding of the process and enabling a

comprehensive analysis of its behavior. However, a knowledge

gap exists regarding the application of Hebbian learning to

concrete problems and its implications for constraint viola-

tions. This poses an obstacle for researchers from different

fields of science interested in biological plausibility, as they
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may find it difficult to understand how to directly apply the

model to their research.

Thus, our goal in this work is twofold. First, we want to

make the SO model more accessible to the community and

researchers who seek to apply it and understand its perfor-

mance with respect to specific, potentially not fully-satisfiable

problems. To this end, we promote a method developed in

the 1990s to convert any SAT problem to the weights of the

Hopfield network. Second, we want to show how, by using a

concrete problem, we can further expand our knowledge about

the SO model in general by being able to answer questions

that we could not answer in the abstract case.

The rest of the paper is structured as follows: in Sec. II and

Sec. III, we give a short background to and the description of

the “Abdullah method,” which is used in this work to translate

a SAT problem to the HN weights, which can then be used

in the SO simulation. We provide examples for two classic

problems - the Liars problem and map coloring. Section IV is

broken into two parts. We first show in Sec. IV-A that the SO

model successfully solves both problems when a satisfiable

solution exists. Then, in Sec. IV-B, we discuss what it means

to break constraints in the context of an unsatisfiable problem.

Finally, in Sec. V, we discuss the various paths for future

research, and in Sec. VI, we draw the conclusions of this work.

II. BACKGROUND: HIGH-ORDER HOPFIELD NETWORKS

AND LOGIC FOR PROBLEM SOLVING

Following Hopfield’s seminal papers [1], [4], the HN energy

function was generalized to include high-order terms. Here we

adopt the following notation:

E(k) (t) =− 1

k

N∑
γ1

N∑
γ2

· · ·
N∑
γk

W
(k)
γ1···γk
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i=1

sγi
(t)

− 1

k − 1

N∑
γ1

· · ·
N∑

γk−1

W
(k−1)
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k−1∏
i=1

sγi
(t)− · · ·

− 1

2
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W
(2)
ij si (t) sj (t)−

N∑
i

W
(1)
i si (t)− c,

(1)

where N is the number of nodes, k is the order of the energy

function, W
(k)
γ1···γk is a k-th order tensor of size Nk, symmetric

on all pairs of indices γi. The si are bipolar discrete elements

of the system’s state vector S = {s1 (t) , ..., sN (t)} of size

N , and c is a constant. The standard HN energy function is

then a special case of (1) with k = 2:

E (t) = −1

2

N∑
i

N∑
j

W
(2)
ij si (t) sj (t)−

N∑
i

W
(1)
i si (t)− c.

(2)

In parallel to researchers in the fields of physics and

neuroscience expanding their knowledge of neural networks,

researchers in the field of artificial intelligence started working

on developing logic programming for problem solving [8].

Then in 1991, [9] expanded this work by showing an equiva-

lence between the search problem of propositional logic sat-

isfiability and the problem of minimizing the energy function

(1). Building on that work, [10] presented a method to compute

the synaptic weights of the network, which correspond to the

propositional logic embedded in the system. The latter, termed

later [11] as the “Abdullah method”, is the method adopted in

this work and is presented in Sec. III-C.

III. SAT PROBLEM CONVERSION TO HOPFIELD NETWORK

WEIGHTS

The satisfiability problem in propositional logic (SAT) is a

combinatorial problem of deciding for a given propositional

formula Φ, whether there exists an assignment of truth values

to the propositional variables appearing in Φ under which

the formula Φ evaluates to “true”. Satisfying assignments are

called “models” of Φ and form the solutions of the respective

instance of SAT.

In the following we provide two different classical examples

of SAT problems - the Liars problem and the map coloring

problem.

A. Liars problem

Imagine a room with N = 4 people: Alice, Bob, Cal, and

Dan. Some (or all) of them can make statements, for example:

Alice says “Dan is a liar.”, Dan says “Bob is a truth-

teller”, Cal says “Bob is a liar”.

The assumption is that each person can either be a liar (always

lying) or a truth-teller (always telling the truth). The problem

is to find whether a valid assignment of “Liar” or “Truth-

teller” for each person exists given the statements above. These

facts are represented by a vector of states S = {s1, . . . , sN}
with the fact that the i-th person is a liar or a truth teller

represented by the state si ∈ {0, 1} , i ∈ [1, N ], where si = 1
denotes the person i being a Truth-teller, and si = 0 denotes

the person i being a Liar. Using this notation we can translate

the above statements into a knowledge base, which represents

the constraints for the liars and truth-tellers problem1:

{s1 ⇔ ¬s4, s4 ⇔ s2, s3 ⇔ ¬s2} . (3)

Most SAT algorithms operate on propositional formulae in

Conjunctive Normal Form (CNF), which is as a conjunction
of disjunctions of literals. Converting (3) to a CNF gives:

Φ =(¬s1 ∨ ¬s4) ∧ (s4 ∨ s1) ∧ (¬s4 ∨ s2)

∧ (¬s2 ∨ s4) ∧ (¬s3 ∨ ¬s2) ∧ (s2 ∨ s3) . (4)

Next we consider another example and then in Sec. III-C we

show how to convert (4) to the weights of a Hopfield network.

1For readers without a background in SAT we recommend the following
two [12], [13] online resources for short, but to the point very clear description
of SAT and its uses. For a detailed mathematical description see [6].
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B. Map coloring

The map coloring problem is a special case of a graph

coloring problem. Given the borders between all regions on

a map, the goal is to color all regions by distinct colors

such that no two bordering regions have the same color. In

this case the state of the map is represented by a matrix

S =
{
s11, s

2
1, . . . , s

M
n

}
, i ∈ [1, n] , j ∈ [1,M ] with sji = 1

denoting the region i being colored with the color j. Given

N = nM states for n regions, M colors, and the border

adjacency matrix B with the elements bii′ = 1 denoting region

i and region i′ sharing a border and bii′ = 0 otherwise, the

map coloring problem can be summarized into the three sets

of constraints:

1) Each region has to be colored:

ϕ1 =

n∧
i=1

⎛
⎝

M∨
j=1

(
sji

)⎞⎠ . (5)

2) A region cannot be two distinct colors at the same time:

ϕ2 =

n∧
i=1

M∧
j=1

M∧
j′ �=j

(
¬
(
sji ∧ sj

′
i

))
. (6)

3) Regions that share a border should have a different color:

ϕ3 =

n∧
i=1

∧
{i′ | bii′=1}

M∧
j=1

(
¬
(
sji ∧ sji′

))
. (7)

Taking the sets of clauses (5), (6), and (7) together gives the

formula for the map coloring problem:

Φ =ϕ1 ∧ ϕ2 ∧ ϕ3. (8)

Already for n = 4 regions, and M = 2 colors the

propositional formula Φ in (8) will have about 20 clauses so it

is too lengthy to present in this paper, but we provide the full

analytical derivation in [14]. In the next section we show how

to convert (4) and (8) to the weights of a Hopfield network.

C. Using the Abdullah method to translate a logical formula
to weights of the Hopfield network

According to [10], [15] determining the states S that will

satisfy Φ is equivalent to a combinatorial minimization of the

cost function E¬Φ of the inconsistency ¬Φ. The value of E¬Φ

depends on the number of clauses satisfied by the model, such

that the more clauses are unsatisfied, the bigger the value of

E¬Φ, and E¬Φ = 0 denoting that ¬Φ evaluates to “False”,

which means that Φ evaluates to “True” and a state S that

satisfies all the constraints was found. The cost function E¬Φ

is given by a sum over one term each per negated clause in

the logical formula Φ. For example, given formula (4), the

inconsistency ¬Φ is

¬Φ =(s1 ∧ s4) ∨ (¬s4 ∧ ¬s1) ∨ (s4 ∧ ¬s2)
∧ (s2 ∧ ¬s4) ∨ (s3 ∧ s2) ∨ (¬s2 ∧ ¬s3) . (9)

The literals si and ¬si in (9) are mapped to the terms
1
2 (1 + si) and 1

2 (1− si), respectively. The entire disjunction

of conjuctions is subsequently turned into a sum of products

of such terms. In the example given above, the corresponding

cost function E¬Φ takes the form

E¬Φ =
1

4
(1 + s1) (1 + s4) +

1

4
(1− s4) (1− s1)

+
1

4
(1 + s4) (1− s2) +

1

4
(1 + s2) (1− s4)

+
1

4
(1 + s3) (1 + s2) +

1

4
(1− s2) (1− s3)

=
1

2
(−s2s3 − s1s4 + s2s4) +

3

2
. (10)

We obtain the values of connections W
(2)
ij , the biases W

(1)
i ,

and the constant c by comparing the cost function E¬Φ (10)

term by term with the energy function (2). Similarly, if the

E¬Φ had higher order products, we would need to compare it

to a higher order energy function (1).

Figure 1a and Figure 1d show the connections W
(2)
ij for the

Liars problem with N = 50 people and for a map coloring

problem in a form of a checkerboard that has n = 8× 8 = 64
tiles that need to be colored by M = 2 distinct colors, thus

having N = 64× 2 = 128 states.

Once we have the initial weight matrix W
(2)
0 , comprised

of the elements W
(2)
ij , we can use the SO model to find the

states S that will satisfy Φ. Since the mechanism [7], [16],

and the implementation [17] of the SO model were previously

covered in length, we do not expand on them here. The two

examples serve to show how different the weight connections

of the two problems are, which will affect the SO procedure

as it will be shown in the next section.

In the next section we present the results of running the

SO model for three different scenarios: in Sec. IV-A we show

results for the the Liars problem, and the map problem of

a checkerboard, and in Sec. IV-B we show the results for

coloring the map of South America.

IV. RESULTS

For all the results in this section we use the “on-the-fly”

implementation developed in previous work [17], and the

algorithm was implemented as a compiled FORTRAN module

to be loaded from Python. The shapes comprising the map of

South America in Sec. IV-B were obtained from the CShapes

2.0 Dataset [18]. The adjacency for the map coloring problem

was determined geometrically from the country map shapes,

and the statements for the Liars problem of the type described

in Sec. III-A were chosen randomly. The clauses for each

problem were generated by a dedicated Python code available

in [14]. From the thus computed clauses, the initial weights

W0 for each problem were obtained using the procedure

described in Sec. III-C.

We first present in Sec. IV-A that the SO model successfully

solves the two different instances of the Liars problem and

coloring of a checkerboard. Then in Sec. IV-B we use the

problem of coloring the map of South America to show what

happens when certain constraints are broken and what are their

implications for the problem.

1354



0 10 20 30 40

0

10

20

30

40

a

0 10 20 30 40

b

−0.4

−0.2

0.0

0.2

0.4

0 500 1000 1500 2000 2500 3000
Resets

0

2

4

6

E
ne

rg
y

c Before learning
Learning
After learning

0 20 40 60 80 100120

0
20
40
60
80

100
120

d

0 20 40 60 80 100120

e

−0.5

−0.4

−0.3

−0.2

−0.1

0.0

0 20 40 60 80 100 120
Resets

0

5

10

15

E
ne

rg
y

f Before learning
Learning
After learning

Fig. 1. Simulation results for (a-c) the Liars problem (N = 50 people,
34 statements, learning rate α = 2.5 × 10−7, 20N steps), and (d-f) the
Checkerboard map coloring problem (N = 2 · 64 = 128 states, α = 8 ×
10−21, 10N steps). (a),(d) The initial weights W0 derived from the cost
function E¬Φ comparison with (2), (b),(e) the weights W after learning,
(c),(f) the energy at the end of convergence for a set without learning (resets 1–
1000 and 1–40, blue), during learning (1001–2000 and 41–80, red), and after
learning (2001-3000 and 81-120, light blue) for the two problems, respectively.

A. Solvable problems

The results for the two different instances of the Liars

problem and the map coloring problem of a checkerboard

are shown in Fig. 1a-c and Fig. 1d-f, respectively. We can

see that for both of the problems the SO model converges

to an energy E = 0, denoting that a state S that satisfies

all the constraints was found for both cases. This is further

exemplified by the correct coloring of the checkerboard in

Fig. 2. We can see that the system in the checkerboard

problem requires far fewer resets than in the Liars problem

(about 20 compared to about 700) and a learning rate more

Fig. 2. Colored
checkerboard from
the learned state S.

than ten orders lower for convergence

(resulting in a visually indistinguishable

learned weight matrix, Fig. 1e), despite

the fact that it has more nodes than in

the Liars problem (N = 128 compared to

N = 50). This is because in the case of

the checkerboard, there is a band-diagonal

structure in the constraints of the problem.

It is a very easy problem and just requires the barest of

nudges to settle into the correct configuration. In fact, with

larger learning rates, the system converges early to an incorrect

configuration without being able to escape it later on. Structure

in the constraints is known to improve the chances of the SO

model of finding a solution [16]. Such structure is missing for

the Liars problem, making it difficult for the system to find

the proper solution. We will come back to this point in Sec. V.

B. Coloring the map of South America with 2 colors

In this section we show that one can use the SO model

for more difficult maps than just a checkerboard, specifically

the map of South America, which requires four colors for a

valid solution2. Here we use just two, so in this context it is

an unsolvable problem. That said, given a situation when one

is given just two colors when four are required, we can still

ask what is the optimal coloring scheme to obtain a map as

comprehensible as possible under those restrictions?

To answer this question we put additional weights ωi on the

different set of constraints ϕi in (8):

Φ =ω1ϕ1 ∧ ω2ϕ2 ∧ ω3ϕ3, (11)

and tested 3 different scenarios:

1) ω = [1, 1, 1] - all constraints have the same weight.

2) ω = [5, 5, 1] - the color constraints ϕ1, ϕ2 have a higher

weight compared to the set of border constraints ϕ3.

Meaning that each region first and foremost must be a

proper color.

3) ω =
[
1, 1, bLii′

]
- the border constraints ϕ3 are weighted

by a normalized border adjacency matrix BL with

the elements bLii′ denoting the border length between

countries i and i′. Meaning that adjacent regions are

less forced to be colored differently if they have a short

border.

The initial weights W0 and weight matrices W after the SO

simulation for each of these weighed sets are shown in the

first two columns of Fig. 3. We can see from Fig. 3 how

the initial weights W0 change corresponding to the different

additional weights ω on each of the set of constraints. The

second column shows the weight matrices W after learning

(after the learning period shown in red in the third column

of Fig. 3). From Fig. 3 we can see several things. First,

for the same amount of time, each of the scenarios end

in a different result. The lowest energy (corresponding to

2While the checkerboard example only required two colors, a general map
may require up to four colors. The proof for that statement was a significant
achievement [19].
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Fig. 3. Self-optimization simulation results for coloring the map of South America (N = 2 · 16 = 32 states, 20N steps) for (a-d) ω = [1, 1, 1] (learning
rate α = 8× 10−7), (e-h) ω = [5, 5, 1] (α = 2.1× 10−5) and (i-l) ω =

[
1, 1, bL

ii′
]

(α = 2.1× 10−5). First and second columns show the weight matrices
before and after learning, respectively. Third column shows energy at the end of convergence for a set without learning (resets 1-1000, blue), during learning
(1001-2000, red), and after learning (2001-3000, light blue). The right column shows the colored map resulting from the learned state S. Note that while
the Hopfield dynamics and learning are computed using modified weights for the lower two rows, the energies in sub-plots g and k are computed from the
non-weighted constraints identical to sub-plot c for ease of comparison.

the lowest number of broken clauses) is achieved for the

ω = [1, 1, 1] scenario (Fig. 3, c and d), which corresponds to

the regular unweighted formula Φ. For comparison we checked

the CNF instance of the problem with the RC2 solver in the

PySAT package [20] and it produced the same result. This

result, however, shows that three countries do not have a proper

color (indicated by yellow color in Fig. 3d). In comparison,

the additional weights on the constraints ω = [5, 5, 1] (Fig. 3,

second row) and ω =
[
1, 1, bLii′

]
(Fig. 3, third row) produced

proper colors for all countries, which however results in a

higher energy (higher number of border constraints broken).

Although the two weights on the constraints ω = [5, 5, 1] and

ω =
[
1, 1, bLii′

]
serve the same function of making sure that all

countries have proper color, everything else taken equal, they

produce different results. An interesting result is obtained for

ω =
[
1, 1, bLii′

]
(Fig. 3, k and l). We can see that Costa Rica

has the same color as Panama, despite the fact that it does not

cost anything to make it a different color. In fact, making it a

different color would decrease the energy. But what happens

here is that learning is too fast, so it changes the energy

landscape to the extent that this constraint is broken “forever”.

The Costa Rica state is no longer a local minimum for the

original weight matrix. This is easy to fix (see Appendix A) but

provides valuable insight into the interplay between learning

and constraints as discussed in the next section.

V. DISCUSSION

A. Related work

Solving a SAT problem with Hopfield networks is not a

new endeavor, albeit not much research has been done on it.

Lima and colleagues introduced the SATyrus [21] that uses

the method described in [9] to translate a list of clauses

of a SAT problem into the energy function of a HN. The

architecture uses simulated annealing [22] to reach global

minima. The authors show that SATyrus successfully solves

the graph coloring problem, the traveling salesperson problem,

1356



and a chemistry problem. On the other side of the globe, using

the Abdullah method [10], Kasihmuddin et al. [23], showed

that a HN with a relaxation rate augmented update rule [24]

is capable of reaching global minima, successfully solving

randomly generated instances of Max-2-SAT and Max-3-SAT.

The main difference between the SO model and these two

research lines is that in the SO model, Hebbian learning is

used for optimization. Through Hebbian learning, the weights

of the system are constantly changing. This is an advantage of

the SO model, where an analysis of the weights allows to study

the relationship between biologically plausible unsupervised

learning and the constraints of the initial problem, something

that is challenging to do with methods such as simulated

annealing or relaxation rate update rule.

Hebbian learning in the context of logic of neural networks

was investigated before in [15], but with a different aim -

to perform a reverse analysis and derive the logical clauses

acquired by the system’s weights through learning. In com-

parison, in the current work Hebbian learning is used along

with periodic resets of the system in order to enhance the

ability of the system to find configurations that minimize the

violations of constraints to find optimal solutions.

Similar dynamics to that of the SO model were shown by

Power [25] to be present in the coevolution of ecological net-

works. The author demonstrates how the constraint satisfaction

behavior of evolving ecological network enables it to solve

Sudoku puzzles. That work, however, does not discuss the

implications of learning and breaking constraints on the end

result of the solution. In addition, here we further generalize

the SO model by re-introducing an underexposed relatively

old method, for solving any SAT problem on the SO model.

This enables researchers from diverse disciplines to apply the

SO model for their specific needs within the community.

B. Limitations of the SO model

In all the example problems used, there is a maximum k = 2
literals per clause. The examples of adding additional weights

on the constraints in Sec. IV-B can be viewed as weighted-

Max-2-SAT problems. The current implementation of the SO

model cannot handle SAT instances with k > 2 literals per

clause3. That said it is known that any k-SAT can be reduced

to 3-SAT problem, and any 3-SAT problem can be reduced

to Max-2-SAT [26] (in both cases at the expense of a linear

number of new variables). This means that, in principle, any

k-SAT problem can be reduced to Max-2-SAT and then the

SO model can be used to solve it.

Another limitation of the model is its poor handling of

problems without an underlying structure. As we have seen

in Sec. IV-A, although the model does find the solution

for the Liars problem, it takes a considerable amount of

time even though it was a small problem. This becomes

even worse for problems of bigger size. This is related to

3For example, in the Liars problem, k = 3 literals would be in the case if
a person made a statement about two people (e.g. ”Cal says Alice and Bob
are both liars”). In the map coloring problem, that would be the case if there
would be three colors available.

a known limitation of selective associations [16]. For such

problems, the stochastic nature of repeated resets also can be

problematic. The Liars Problem discussed in Sec IV-A, for

instance, requires fine tuning of the learning rate depending

on the seed of the random number generator to converge to

the zero energy configuration. Thus one should consider the

structure of their problem before using the SO model to solve

it.

Despite these limitations, there are many benefits for using

the SO model. First, in comparison to existing SAT solvers,

although the SO model is not comparable speed-wise, different

than SAT solvers the SO model a) finds a solution in a biolog-

ically realistic way, and b) it has potential for parallelization

even though our implementation is sequential. We note also

that in the current work, at each reset, the entire system was

reset instantaneously. However, recently we showed [27] that

resetting just part of the system allows the system to reach the

lowest converged energy in far fewer resets. This adds both

more biological plausibility and faster processing.

Moreover, even if for some combinatorial optimization

problems the SO model might not produce solutions that will

satisfy all the constraints, our experiments indicate that it

can still yield high quality solutions. These solutions could

hypothetically prove beneficial in various contexts in optimiza-

tion solvers. For instance, such a high quality, but imperfect,

solution to a combinatorial optimization problem provides

valuable insight into the local consistencies of variable assign-

ments. These assignments could potentially be used to guide

the search in a SAT solver, serving as variable selection or

phase selection heuristics [6]. A concrete application of such

solutions is described in [28], which can use a partial, hence

imperfect, assignment to drive a correct solution. We posit that

SO can be successfully utilized in similar situations, and we

plan to explore these possibilities in future research.

VI. CONCLUSION

This work demonstrates the practical application of the Self-

Optimization algorithm to concrete combinatorial problems

in SAT form. Through two different examples, the Liars

problem and the map coloring problem of a checkerboard, we

showcase the model’s capability to find optimal configurations

that represent the solutions to these problems. We further

expanded the approach by analyzing a more complex problem:

coloring the map of South America with just two colors. This

problem has no solution. In principle, four colors are needed

to avoid color clashes at borders. The goal of that example was

to provide insight into what happens to the end result when

individual constraints of the problem are broken.

Specifically, the last example of Sec. IV-B, shows how

Hebbian learning has dramatically modified the weight matrix

that encodes the problem constraints such that some of these

constraints are no longer contained within. In the example, in

the unmodified weight matrix the color of Costa Rica can be

trivially changed to satisfy the constraint on having opposite

colors across borders, however a state with that color flipped is

no longer an energetic minimum of the learned weight matrix.
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Fig. 4. Self-optimization simulation results for coloring the map of South
America (N = 2 · 16 states, 20N steps) ω =

[
1, 1, bL

ii′
]

(α = 6 × 10−6).
Sub-plot a shows energy at the end of convergence for a set without learning
(resets 1-1000, blue), during learning (1001-2000, red), and after learning
(2001-3000, light blue). Subplot b shows the colored map resulting from
the learned state S. For this learning rate, the weights on the constraints
ω =

[
1, 1, bL

ii′
]

result in the system converging to the same energy state as
for ω = [5, 5, 1] (compare to Fig. 3g-h).

An observation of this form cannot be derived from changes

to the weight matrix in an abstract problem. At this point

we do not know how to exploit that observation to improve

the model or the approach, but this should definitely provide

an avenue for further research. For instance it is interesting to

investigate how breaking some constraints helps in solving the

rest of the problem. Another fruitful direction of inquiry might

be to check whether broken constraints can later be mended. A

concrete problem can be utilized in these cases to understand

the effect of changes to the model or the solution strategy.

VII. DATA AVAILABILITY STATEMENT

The model from the main text as well as the code used for

the simulation are available at [14]. The shapes comprising

the map of South America in Sec. IV-B were obtained from

the CShapes 2.0 Dataset [18].
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APPENDIX

The broken border color constraint resulting from constraint

weighting by border length as depicted in Fig. 3 sub-plot l can

be fixed by employing a less aggressive learning rate as shown

in Fig. 4.
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