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Abstract—This paper proposes a model reference output feed-
back discrete-time terminal sliding mode (DT-TSMC) approach
for SISO systems. The approach is based on a chatter-free
equivalent control design that relies on a delay disturbance
observer to handle exogenous disturbances. The stability of the
proposed is shown via rigorous analysis and it is demonstrated
that the term with the fractional power improves the steady state
phase of the reference tracking and that an error of O (T2) can
be achieved. The paper concludes with a simulation example
that shows a comparison of the proposed DT-TSMC with a
classical discrete-time sliding mode control (DT-SMC) approach.
The results show that for a similar transient response, DT-TSMC
produces better steady state performance.

I. INTRODUCTION

Sliding mode control (SMC) is is known for its robustness
to plant uncertainties and disturbances in continuous time.
The rapid development of computer technology and digital
controllers resulted in a lot of attention being given to discrete-
time sliding mode control (DT-SMC), [1]. To implement such
a controller in practice on a digital computer, a discrete
time version of the approach is required. Discretisation of a
continuous SMC controller is one way to do this. Another
approach is to work directly in discrete time, designing the
sliding surface and then deriving from it an equivalent control
law, to be used as the actual control law. The benefit of
the latter approach over the former is the absence of an
explicit switching term which causes undesirable chattering,
[2]. Chattering is the uninted consequence of the limitation on
the switching speed due to the limit on the samling frequency.
Several DT-SMC approaches are shown in [2]-[8] that show a
tracking error of O (T?) is achievable.

In addition to disturbance observers, nonlinear SMC de-
signs have been proposed to further improve the robustness
characteristics of DT-SMC, [8]-[11]. One such nonlinear SMC
design is the discrete-time terminal sliding mode control (DT-
TSMC) which is characterized by the finite-time convergence
to the sliding surface and the equilibrium point, which is
more advanced than the asymptotic convergence achieved by
traditional linear DT-SMC . Subsequently, several DT-TSMC
approaces have been proposed such as the DT-TSMC with
disturbance observer, [12] and the fast terminal sliding mode
(FTSM), [13]. In [14], a terminal smc design that achieves
fast chattering-free convergence is presented that combines
with receding optimization to deal with constraints so that the
sliding mode state follows the reference trajectory predefined
by the reaching law.

In this paper a discrete time terminal sliding mode controller
is developed utilising only output feedback. The plant dynam-
ics and desired reference model are first expressed in input-
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output form, and then the error dynamics to be driven to zero
in augmented form is obtained. Due to the presence of zeros
in the plant dynamics there are many input history terms in the
expression. To facilitate the control law design a substitution
is used that is inspired by Artsteins model reduction which
was originally proposed for control design of continuous time
plants with time delay. The substitution yields a dynamics
in a new variable that does not contain those input history
terms explicitly. The paper is organized as follows: Section
2, gives the problem definition. In Section 3, the main result
which includes the DT-TSMC design and stability analysis
is presented. In Section 4, a simulation example is presented
that shows a comparison of the proposed DT-TSMC approach
with classical DT-SMC to demonstrate the effectiveness of the
proposed approach. Finally, concluding remarks are given in
Section 5.

II. PROBLEM DEFINITION

Consider the continuous-time SISO plant given as

Xx(t) = Apx(t) + by (u+ f(t))
y(t) = cux(t) (1)

where x € R" is the state vector, u € R is the input and
f(t) € R is a continuously differentiable disturbance. The
matrices A, € R"*"™, b, € R and ¢,, € R are are the nominal
state, input, and output matrices, respectively.

Sampling at uniform time intervals 7' gives a discrete-time
form of the plant (1) described by

X1 = Pxp + yug + dg ()
Yr = CnXk
where @ = M7, 5 = [T®(r)bydr and d), =

- fOT ®(7)by f((k+1)T—7)dr. Moreoever, given the fact that
f(t) is continuously differentiable, the disturbance d, satisfies
the following properties:

Property 1: d, = vy, + O (T‘S)

Property 2: ||vy — vi_1]| € O(T)

Property 3: ||vg — 2v—1 + vg—2]| € O (Tz)
where v, = fi + %vk, fr & f(kT) and v, £ v(kT) with
v(kT) given as v(kT) = & f(kT), respectively.

Assuming the availability of only the output measurement,
the plant (2) is written in the input-output form given as

Yht1 = — 1Yk — * — OnYk—n+1 + Y0 (ug +vg) + -
+ Ym (uk—m + Vk—m) + (@) (TS) (3)
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where the parameters ¢1, ..., ¢n, Y0, --., Ym are obtained
from the matrices ¢ and - respectively and n > m. For the
plant (3), the following assumptions are made:
Assumption 1: ¢, # 0.
Assumption 2: ¢1,..., ¢, € O(1) and 7o, . .., Ym € O(T).
Assumption 3: Open-loop zeros are inside the unit-circle.
Consider, now, the n'® order reference model given as

Ym,k+1 = — ¢m,1ym,k - ¢m,nym,k’—n+1 + YmTk (4)

where ¥, , € R is the output of the reference model, 7, € R
is a reference signal and ¢, 1, ..., ¢dm,, are selected such
that (4) is Schur stable. The control objective is to find a
bounded input ug which will drive the plant output y; to track
the output of a reference model output vy, ; asymptotically,
ie. limy o0 [y — Ym,e| = O (T?) in the presence of the
disturbance v.

III. MAIN RESULT

In this section, the design of the delay disturbance observer
and the control law is presented which is then concluded by
a rigorous stability analysis of the closed-loop system.

A. Disturbance Observer

Consider the plant (3), a form of the delay disturbance
observer proposed in [2] is obtained by rewriting (3) as

1
Vk—l"'lyk'—Z +-+ th—m—l
Yo Yo

1
:7(% + G1Yk—1 +  + Pnlh—n) — Up—1 — -
0

s + O (TP) 5)
Yo

and lumping all the terms on the left-hand-side such that

1
Pk—1 :%(yk +O1yk—1+- -+ ¢nyk—n) — Ug—1— "

— I s + O (TP) (©)
70
Substituting the actual disturbance pj such that pp_1 = pg,
where py, is the estimate of pj and ignoring the O (T3) term,
it is obtained that

R 1
Pk :,T(yk + G1Yk—1+  + Pnlh—n) — Up—1 — -
0

LT @)
7o
which is the delay disturbance observer for the disturbance
pr as the estimate for py is the delayed value pi_;. This is
evident when comparing (7) with the dynamics (6).

Remark 1: To achieve an O (T) disturbance compensation,
the term —2py, + pr.—1 will be added to the control input u(k)
such that the disturbance term in the closed-loop system will
be reduced to the form py — 2px + pr—1 which is nothing
but the second-order backward difference and, according to
Property 4, is given as py — 2pg—1 + pr—2 € O (Tz).
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B. Discrete-Time Terminal Sliding Mode Controller Design

To proceed with the DT-TSMC controller design, define the
tracking error as e = Y — Ym, such that substituting (3) and
(4) gives the tracking error dynamics

€ht1 = — Q18—+ — OpCh_pni1 + YoUk + - + YmUk—m
+ O1Ymk + - F OnYmk—nt1 — YmTk + Y0Pk
+ 0 (T7) (8)

where ¢; £ ®m,i — ¢i Vi = [1,n], respectively. Let g =

Pr+ % (d~>1ym,k +---+ anyyn’kfn+1 - ’ymrk> and writing
the error dynamics (8) in augmented form, it is obtained that

€rtr1 = O +Your + - + YV Uk—m + Yo0k + 0k (9)

where é; £ [ek,nﬂ ek} € R™ is the augmented
output vector, v, £ [0 0 ] € R"Vi=[0,m] and
x|l € O (T3) is the approximation error in Property 1. The

state matrix © € R"*" is defined as

0 1 0 0
2| : TR :
0O - 0 1
—on —1
Remark 2: The pairs (0,7,),...,(0,%,,) are in control-

lable form and are, therefore, controllable.
Consider, now, the new state vector given as

m—1

Zrir =81+ 3 O (uk—j + Xk—j)
=0

(10)

where z;, € R and ¢; € R" Vj = [0, m — 1] are parameter

vectors that will be computed interms of © and 7, Vi = [1,m)].

The term xj will be derived such that the tracking error

limg oo e = O (TQ). Substitution of (9) in (10) and setting

9 = Z;l;l ©7"=15,.,, it is obtained that

Zp1 = Ozg + Buy + Yook + 0k + Jox + (191 - 9190)

X Xk—1 + -+ (ﬁm—l - @ﬁm—Q)Xk—m—i-l
- @ﬁm—lx,’c—m (11)

where 3 = Y.7" /©~"4,. Adding and subtracting the term
YoXx on the right-hand-side of (11), it is obtained that

Zp 1 = Oz + Buk + Yook + 0r + (Yo + Fo) X& — YoXk
+ (’191 — @190))(]6—1 +---+ (19m—1 — @ﬁm_Q)

X Xk—m+1 — @19"L—1Xk—m (12)
Using the definitions of 3 and ¥, (23) is simplified as
Zp41 = Oz + Bur + Yook + Ok + Bur Xk — YoXk
—Y1Xk-1 = = YmXk—m
= Oz, + B (ur + Xx) + Ok + € (13)
where €, = Y00k — YoXk = — VYmXk—m-
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Remark 3: According to Assumption 1, ¢, # 0 and,
therefore, © is non-singular.
Lemma 1: The dynamics (11) is controllable, i.e., the pair
©, B is controllable.
Proof: Consider the controllability matrix, for the pair
0, 3, given as

We=1[B |08 = [ZL07 |
D DANC A
= [’70 |- @n_l’%] +o7! [’71 |- @n_1’71]
IS I h’m | - | @"*1*m]
=[I+ %@71 teee Tt %Gfm] Fo | -+ | @71,
=0 O+ O™ 4.+ W (14)
where Weo = [¥o | -+ | ©"7'4¢] € R™*" is non-singular

since ©,4, is a controllable pair. Let S be a non-singular
transformation matrix such that ©4 = S~'0S where O4
is the diagonal (or Jordan) matrix of the eigenvalues of ©.
Substituting in (14), it is obtained that

m _ mQ—1 1 m—1g—1 1 —1
0 ch[s*@ds +SOTTIS T 4SS ]Wc,o
=slep+ 2oy + o+ 21| 57 W,  (15)

Recall that the eigenvalues of © and the roots of the poly-
nomial (Y0q™ +71¢™ ' + -+ 4 1) are the open-loop poles
and open-loop zeros of the plant (3), respectively. If the
plant (3) is in the proper form then there are no pole-zero
cancellations in the open-loop. This implies that eig(©) #
roots (yoq" +11¢™ ' + -+ +71) and, as a result, O +
%@3’“1 +oF 3—;[ is a diagonal (or upper triangular) matrix
of non-zero diagonal elements. Therefore, ©7" + %@gl_l +
st %I is non-singular and, thus, ©™ + l;@m_l +-- 4 "—;I
is also non-singular. Since, all the matrices on the right-hand-
side of (15) are non-singular and © is non-singular then W,
is non-singular and the pair ©, 3 is controllable. ]

With the controllability of the system (11) established in
(Lemma 1), it is now possible to derive the DT-TSMC control

law. Consider the sliding surface, o, € R, given as
o = szk +d||Zk,1||p_1Zk,1 (16)

where d € R", @ € R™ and p € R are the controller parame-
ters. The exponent p < 1 is a fraction. Setting o141 = 0 and
substituting (11), it is obtained that
Oky1 = dzg g1 + allzl|P 2z

= d(Oz + Buy + Bxk + 0k + €x) + allzi [P 2

=0 a7
Ignoring the term d; + € and deriving an expression for the
control law, it is obtained that

=117 _ _
up == (dB) " [dOzk + allzk[P~ 2] — xi

Substitution of the control law (18) in (17) results in a bound
on oy given as

(18)

orr1 =d (8 + €x) (19)
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Consider now the definition of €, since, the disturbance
measurement is not available it is obtained that

€k = Y00k — VoXk — " — YmXk—-m (20)

= Y00k — Y00k + Y00k — YoXk — *** — YmXk—m

where 0 = 2pp — Pr—1 + 710 (i’lym,k ot PnYmknt1
+Ym7%)- Note that gy is defined such that o, — o = pr —
2,5k — Pr_1 = Pk — 2pk—1 — Pr—2 € 0] (T2) Futhermore,
if xx is selected such that dynamics xj + %kal + -+
%ﬁka—m = 0y, is satisified, it is obtained that

Ok+1 = c?(ék + 6k) = Ci((sk + Gk)

=d(6k + 0 (pk — 20k-1 — pr—2)) € O (T?) (1)

where d is selected such that ||d|| € O(1). This bound is
similar to that shown in [2]. ~

Remark 4: The selection of the controller parameter d
follows the usual approaches such as that presented in [15]
while ensuring that d3@ > 0. The selection process for the
parameter & and p will be presented in the next subsection.
C. Stability Analysis

In this subsection, it is shown that the state z; converges
asymptotically (Lemma 2) and that the proposed DT-TSMC
control law drives the plant output yj, to a bound of O (T°?)
asymptotically (Theorem 1I).

Lemma 2: With the proper selection of the controller pa-
rameters d, @ and p, the following is true:

: 2
Jim |zl € O (T7) (22)

Proof: Consider the system (11), with the substitution of
the control law (18) it is obtained that

Zi+1 = Oz + B (u + xk) + €k
- (@ - B(dp)" d_@) 2 — B (dB) " allzklP 2
+ €k
= Ouzi — B(dB) " alzill” 2k + &

= Oz, — )\ﬁ@||zk||p_1zk +€r (23)

where e = ) + €, Om = (0 — A\BdO) and X £ (c?,@)_l
with d selected such that ©,, is Schur stable. Now, consider

the positive function
Vi = 2, Pz, (24)

where P € R" is some symmetric positive-definite matrix.
The forward difference AV}, is

AV =Viy1 — Vi = z;+1Pz;€+1 — z;—sz
= (Omzr — \Ba||z [P 2y, + sk)T P (Onzg
—\Bal|zg||P " zx + sk) — 2, Pz,
=z, (@;P@m — P) Z) — 2)\|\zk||p_1szdTﬂTP
X (Omzi +ex) + QZZ@mPEk + slPek

+ N2||z,||*P %2 a T B Bazy, (25)
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Using Q = — (O, PO,, — P) € R" which is positive-definite
since Oy, is Schur stable and setting & = % ﬁTP@m for some
p>0€R, (25) is simplified as

Ap T A

_ T N ST A T
A= —n <Q”||zk||1—pa I P
A2 2
T ~TaT g~
R P e PR PR
L
€, Pey,
X 5']€Z;r — ||ka|4Z]<;Z;€r>Zk; (26)

Note that in (26), if [|zx|| > - llex| € O (T?) where  is
selected such that g > 0 € O(T), then from the terms that
include g, in (26), an inequality is obtained as

2 e, Pey, 2\
T k_ T T T
Z, OmPerz) + 7z — ——a'p
<|Zk||2 [z [* 1227
2[OmPllllexllllzell [Pl
xPsksz z; < +
[l z[? 1z [*
~TaT
T el [T
X ||€k Zi||” + Z,. 7}
1z [[*=P :

Al
<u <u 2 (nemn n 'f’_”)) \Plafz @)
TN

Substitution of (27) in (26), it is obtained that

2\ - B
AV < - (Q Ry |z (POZTOC — pllas] || I)
BB
R a'a—p(2)Oml+p) 1P| )2z (28)
Let Q = Q1+ Q2 and p = p1 + p2 for some positive-definite
Q1,Q2 and pq1, p2 > 0 such that

Q> = 1218wl +p) |IPIIT (29)
and
paa’a —plag| | P|1>0 (30)
Substituting in (28), it is obtained that
avi< o (QapllmbaTa)a oY
where ¢ (||zx||) is defined as
2p1 A8 3
zi||) £ - (32)
50(” kH) szl|1_p ||ZkH2_2p

Note that the maximum positive value of the function ¢ (||zx]|)
is computed by solving

1
ARG

A8'8

¢ (lzel) = el p) =0 (33)

_9
Oz |
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which gives a non-trivial solution as

A T i-p
o = <M> 64
P1
Futhermore, the function ¢ (||z||) changes sign if
A T i-p
o < (f ﬁ) G3)
P

Therefore, p; and p can be selected such that the maximum
gain occurs as [|z|| approaches the O (T?) bound while the
sign change of ¢ (||zx||) occurs below the O (T?). [ ]
Theorem 1: The output tracking error of the closed-loop
system approaches a bound of O (TQ) asymptotically, i.e.
limk*}m |6k| S O (T2)
Proof: Consider the expression (10), with the substitution
of the control law (18) it is obtained that

m—1
Zkt1 = €41 + Z 9 (ur—j + Xr—j)
iz

(36)

—1
9; (dOzk—;j + |z " 2i—;)

3

=€py1 — A

o

<.

From Lemma 2, the parameters p; and p are selected such
that (34) is true within the vicinity of O (T?). Therefore,
substitution of (34) in (36), it is obtained that

[

€kt1 = Zk+1 + A oy (d@ + —= ) Zj— 37
par J ﬁ 5 J
m—1
=2Zpt1 + A Y, ( > Zk—j
j=0
m—1 B
ZZk+1+)\ ’l9j ( @+ ||ﬁ||2ﬂ PO )Zk_j
j=0
and ey is obtained as
m—1 B p m—1
€k+1 = CZg4+1 + AcC Z ".9Jd®Zk7] + ”Tle)\C Z '19]
=0 P =0
x B POmzi_; (38)

where ¢ = [0 0 1]. The bound on y, is obtained as

P|||Om
sl < llzes | + 2P0y Z 19,1 lzis

B
m—1 7
+Alel Y (|95 llze-s| 39)
3=0
From Assumption 2, |©] € O(1) and [©7' €
m,

O (1). Furthermore, since 3 = ",07"y, and ¥; =
S teimiT 1y, then (|8, (19| c 0( ). Finally, if p,
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p1, P and ©,, are selected such that O(p) =
IP]l, [|®m|| € O(1) then it is obtained that

o)

O(p1) and

lext1] < llzetall + -O(T)-0(1) - O(1) ||z |

o(1)
+0(3) 00 | (@0)
and, since, limy . ||zx[ € O (T?) then
Jim Jex| <O (T7) 1)
|

IV. SIMULATION EXAMPLE

In this section, a simulation example is presented that shows
a comparison between the proposed DT-TSMC approach and
classical non-chattering DT-SMC. The disturbance observer
(7) will be utilized in both approaches so that the comparison
will highlight the advantages of the term with the fractional

power.
Consider the system represented as follows
0 1 0 8.6 x 1073
x(t) =10 0 1} x(t)+ 28 | (u(®) + f(1))
0 00 20
y(t)=[1 0 0]x(t) 42)

where the disturbance signal is given as f(¢t) = 10sin(2wt).
Sampling the system at an uniform sampling interval of T' =
0.01s gives a sampled-data input-output model given as
Yk+1 = Yk — 3Yr—1 + Yr—2 + 0.001(up + 1) — 0.0017
X (ug—1 + vk—1) + 0.0007(u—2 + Vk—2) 43)

The reference model is selected as

Ym,k+1 = 1-1ym,k - 0.19ym7k,1 + 0.009ym,k72 + 0.0817
(44

where 7 profile can be seen in Fig.1. The DT-TSMC param-
eters are selected as

-1 —1.4688

4.3
d" = |-1|, " = | 3.0121 S P= p1=p2=0.1
2.1 —1.4756
For the con\ientional DT-SMC, the controller parameter is
selected as d = [-1 — 1 2.2] with the control law given
as

up = —A\dOzj, — Yk (45)

The controller paramter is selected such that the transient
response of both approaches are similar. This is to demonstrate
the better steady state performance of the DT-TSMC. In Fig.1-
Fig.4, the performance of the DT-TSMC compared to that of
the DT-SMC is shown. In Fig.2, it can be seen that the steady
state tracking performance of the proposed DT-TSMC ap-
proach is superior to that of the classical DT-SMC comtroller
for the same control effort as shown in Fig.3. In Fig.4, the
disturbance estimation performance of the delay disturbance

979-8-3503-0219-6/23/$31.00 ©2023 IEEE

observer is shown. Finally in Fig.5, the performance of the

approach is shown for p € [0.1,1]. It can be seen that, for

this system, the optimal performance is when p =~ 45—‘3 In

conclusion, it is clearly seen that when the transient response
of both approaches are matched the steady state performance
of the DT-TSMC is better. This is due to the fractional power
term which affects the performance of the control when the
error is small.

V. CONCLUSIONS

In this paper, an outout feedback discrete-time terminal slid-
ing mode control approach for SISO systems was presented.
It was shown that the control approach can drive the system to
an error of O (T2). A rigorous stability proof was presented
that shows the fractional power term is effective at the steady
state and can improve the tracking performance. Finally, it
was demonstrated via a simulation example that the proposed
approach can outperform the classical DT-SMC even with
similar transient performance.
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